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$(x-c)$ ( ) , ( )
( ) .
( ) : $\{(x-c)^{k}\}_{k=0,1,\ldots,N}$ ( $x=c$ $x=\infty$ )





$[a, b]$ [-1, 1] .
[-1, 1] $\phi_{0}(x),$ $\phi_{1}(x),$ $\ldots$ . $\phi_{n}(x)$ $n$ ,
$w(x)$ : $(\phi_{j}, \phi_{k})_{w}=$
$\int_{-1}^{1}\phi_{j}(x)\phi_{k}(x)w(x)dx=\lambda_{j}\delta_{j,k}$ .
2.1
, 1, $x,$ $x^{2},$ $\ldots$ ,
$(\phi_{-1}=0$ $)$ $\phi_{n}(x)=(\alpha_{n^{X}}+\beta_{n})\phi_{n-1}(x)-\gamma_{n}\phi_{n-2}(x)$ ; $n\geq 1$ .
$T_{n}(x)$ ( $T_{0}(x)=1,$ $T_{1}(x)=x,$ $T_{n+1}(x)=2xT_{n}(x)-T_{n-1}(x)$
. $P_{n}(x)$ $P_{0}(X)=1,$ $P_{1}(x)=x,$ $P_{n+1}(x)= \frac{2n+1}{n+1}xP_{n}(x)-$
$\frac{n}{n+1}P_{n-1}(x)$ .
2.2 [-1, 1]
$P_{n}(x)$ : $w(x)=1,$ $P_{0}(x)=1,$ $P_{1}(x)=x,$ $P_{n+1}(x)= \frac{2n+1}{n+1}xP_{n}(x)-$
$\frac{n}{n+1}P_{n-1}(x)$ . $\int_{-1}^{1}P_{j}(x)P_{k}(x)dx=\frac{2}{2j+1}\delta_{j,k}$ .
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$T_{n}(x)$ : $w(x)= \frac{1}{\sqrt{1-x^{2}}},$ $T_{0}(x)=1,$ $T_{1}(x)=x,$ $T_{n+1}(x)=2xT_{n}(x)-$






$U_{n}(x)$ : $w(x)=\sqrt{1-X^{2}},$ $Uo(x)=1,$ $U_{1}(x)=2x,$ $.U_{n+1}(x)=$
$2xU_{n}(x)-U_{n-1}(x)$ . $U_{n}( \cos\theta)=\frac{\sin\{(n+1)\theta\}}{\sin\theta}$ . $\int_{-1}^{1}U_{j}(x)U_{k}(x)w(x)dx=\frac{\pi}{2}\delta_{j,k}$ .
$P_{n}^{(\alpha,\beta)}(x)$ : $w(x)=(1-x)^{\alpha}(1+x)^{\beta},$ $\int_{-1}^{1}P_{j}^{(\alpha,\beta)}(x)P_{k}^{(\alpha,\beta)}(x)w(x)dx=$
$c_{j}^{(\alpha,\beta)}\delta_{j,k}$ . $c_{j}^{(\alpha_{2}\beta)}= \frac{2^{\alpha+\beta+1}\Gamma(j+\alpha+1)\Gamma(j+\beta+1)}{(2j+\alpha+\beta+1)j!\Gamma(j+\alpha+\beta+1)}$ .
: , $[0,$ $\infty)$ $w(x)=e^{-x}$
$L_{n}(x)$ , $(-\infty, \infty)$ $w(x)=e^{-x^{2}}$ $H_{n}(x)$ ,
.
2.3
$w(x)>0$ $\{\phi_{j}(x)\}_{j=0,1,\ldots,N+1}$ , $\phi_{N+1}(x)$ $\{x_{\nu}\}_{\nu=1,2,\ldots,N+1}$
) 2 ]$\grave\equiv\ovalbox{\tt\small REJECT}$ –{$\phi$j $(x_{\nu}) \overline{\}^{2}}\sum_{\lambda_{j}}\nu N-+11\omega_{\nu}\phi_{j}(x_{\nu})\phi_{k}(x_{\nu})=)^{-1}.\lambda_{j}\delta_{i,j},$ $0\leq i,j\leq N$ . , $\lambda_{j}=$
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$N$ $F(X)= \sum_{j}^{N}=0f_{j}\phi_{j}(x)$ ,
.
$f_{j}= \frac{1}{\lambda_{j}}\Sigma_{\nu=1}^{N+1}\omega_{\nu}F(x_{\nu})\phi_{j}(x_{\nu})$ ,
: $(N+1)$ ( $P_{N+1}(X)$ )
$\{x_{\nu}\}_{\nu=1,2,\ldots,N+1}$ , $\omega_{\nu}=\frac{2}{(1-x_{\nu}^{2})\{P_{N+1}’(x_{\nu})\}^{2}}$ , $\Sigma_{\nu=1}^{N+1}\omega_{\nu}P_{j}(x_{\nu})P_{k}(x_{\nu})=\frac{2}{2j+1}\delta_{j,k}$ ,
$0\leq j,$ $k\leq N$ ( , ,
).
: $(N+1)$ ($T_{N+1}(x)$ ) $x_{\nu}=$
$\cos\{\frac{(\nu-1/2)\pi}{N+1}\},$ $\nu=1,2,$ $\ldots,$ $N+1$ ; $\omega_{\nu}=\frac{2}{N+1}$ ( ) , $\frac{2}{N+1}\sum_{\nu=1}^{N+1}T_{j}(x_{\nu})T_{k}(x_{\nu})=$
$(1+\delta_{j,0})\delta_{j,k},$ $0\leq j,$ $k\leq N$ . ,
.
10 $\cdot\cdot$ $\cdot$ $\cdots$ $\cdot$ $\cdot$ $\cdot\cdot$
9 $\cdot\cdot$ $\cdot$ $\cdot$















$F(x)= \sum_{k=0}^{N}f_{k}\phi_{k}(x)$ $\{f_{k}\}$ , $(N+1)$ $\{x_{\nu}\}$





$\phi_{k}(x),$ $k=0,1,$ $\ldots,$ $N$ ,
$F(x)$ . 1 $O(N)$ .
3.2 ( )
$N$ $F(x)$ , $(N+1)$ $x_{\nu}$ $\{F(x_{\nu})\}_{\nu=1,\ldots,N+1}$ ,
$x$ $F(x)$ , .
$F(x)= \sum_{\nu=1}^{N+1}F(x_{\nu})b_{\nu}(x),$ $b_{\nu}(x)= \frac{\Pi_{\mu(\neq\nu)}(x-x_{\mu})}{\Pi_{\mu(\neq\nu)}(x_{\nu}-x_{\mu})}$
, 1 $x$ $b_{\nu}(x)$ , $F(x)$
, $O(N^{2})$ .
, . $c_{\nu} \equiv\prod_{\mu(\neq\nu)}(x_{\nu}-x_{\mu})$
. $x$ $P(x) \equiv\prod_{\mu}(x-x_{\mu})$ , $b_{\nu}(x)= \frac{P(x)}{(x-x_{\nu})c_{\nu}}$ ,
$\nu=1,$ $\ldots,$ $N+1$ , $F(x)= \sum_{\nu=1}^{N+1}F(x_{\nu})b_{\nu}(x)$ .
, $x$ $F(x)$ $O(N)$ . $x$
$x_{\nu}$ , $b_{\nu}$ ,
( ) $x$ (
) .
3.3
$N$ $F(x)$ $(N+1)$ $\{x_{\nu}\}$ $F(x_{\nu})$ ,
$\{f_{k}\}_{k=0,1,\ldots,N}$ ( $f_{k}= \sum_{\nu=1}^{N+1}\omega_{\nu}\phi_{k}(x_{\nu})F(x_{\nu})$ . $\phi_{k}(x_{\nu})$
, $N^{2}$ . $\{x_{\nu}\}(x_{\nu}$




$)$ , (FCT) $O(N\log N)$ .
3.4
$F(x)$ $N$ , $N$ $\{\phi_{k}\}_{k\leq N}$ $F(x)=$
$\sum_{k=0}^{N}f_{k}\phi_{k}(x)$ , $M$ $(M>N)$ $\{\phi_{k}\}_{k\leq M}$
$F(x)= \sum_{k=0}^{M}\tilde{f_{k}}\phi_{k}(x)$ , $k\leq N$ $\overline{f_{k}}=f_{k},$ $N<k$ $\overline{f_{k}}=0$ .
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$F(x)$ $N$ $(N+1)$ $\{x_{\nu}\}$ $F(x_{\nu})$
, $(M+1)$ $\{y_{\mu}\}$ $F(y_{\mu})$
, $f_{k}=\Sigma_{\nu=1}^{N+1}\omega_{\nu}\phi_{k}(x_{\nu})F(x_{\nu})$ $F(y_{\mu})=\Sigma_{k=0}^{N}f_{k}\phi_{k}(y_{\mu})$ ,
$\mu=1,$ $\ldots,$ $M+1$ .
3.5
$F(x)$ $N$ , $N$ $\{\phi_{k}\}_{k\leq N}$ $F(x)=\Sigma_{k=0}^{N}f_{k}\phi_{k}(x)$
$M$ $(N\leq M)$ $\{\hat{\phi}_{l}\}_{\ell\leq M}$
. , $(M+1)$ $\{y_{\mu}\}$ $F(y_{\mu})=$




$F(x)$ $N$ $\{\phi_{k}\}_{k\leq N}$ $(N+1)$ $\{x_{\nu}\}$ , $F(x_{\nu})$
, $(M+1)$ $\{y_{\mu}\}$ $F(x)$ $F(y_{\mu})$
, $F(x)$ $f_{k}=\Sigma_{\nu=1}^{N+1}\omega_{\nu}\phi_{k}(x_{\nu})F(x_{\nu}),$ $k=0,$ $\ldots,$ $N$
, $\{y_{\mu}\}$ $F(y_{\mu})=\Sigma_{k=0}^{N}f_{k}\hat{\phi}_{k}(y_{\mu})$ .
3.6
$F(x)$ $M$ $(M<N)$ , $N$ $\{\phi_{k}(x)\}_{k\leq N}$
$M$ , $F(x)$
$\{\phi_{k}(x)\}_{k\leq M}$ .
$N$ $\{x_{\nu}\}$ $F(x_{\nu})$ ,
$M$ $(M<N)$ , $N$ $f_{k}=\Sigma_{\nu=1}^{N+1}\omega_{\nu}\phi_{k}(x_{\nu})F(x_{\nu})$
, $k>M$ $f_{k}=0$ . , $F(x)$ $M$
, $(M+1)$ $\{y_{\mu}\}$ $F(y_{\mu})$ $F(x)$
.
( ) : ,






$F(x),$ $G(x)$ $F(x_{\nu}),$ $G(x_{\nu})$ , $\alpha,$ $\beta$
$\alpha\cdot F(x)+\beta\cdot G(x)$ $x_{\nu}$ ,
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$\alpha\cdot F(x_{\nu})+\beta\cdot G(x_{I1})$ .




, $F(x)$ $G(x)$ $N$ , $F(x)G(x)$





$O(N\log N)$ , .
, $T_{k}(x) \cdot T_{\ell}(x)=\frac{1}{2}(T_{k+\ell}(x)+$
$T_{|k-\ell|}(x))$ . , $F(x)G(x)=\Sigma_{k}f_{k}T_{k}(x)$ .
$\Sigma_{\ell}g_{l}T_{\ell}(x)=\Sigma_{k}\Sigma_{l}f_{k}g\ell T_{k}(x)T_{\ell}(x)=\Sigma_{k}\Sigma_{\ell}\frac{1}{2}f_{k}g_{\ell}(T_{k+\ell}(x)+T_{|k-\ell|}(x))=\Sigma_{j}h_{j}T_{j}(x)$







) , ( )
.
: $F(x)$ $m$ , $G(x)$ $n$ , $n\leq m\leq N$









, $\phi_{n}$ 1 . $\deg F(x)=$
$m,$ $\deg G(x)=n$ , $n\leq m\leq N$ .
$F(x)$ $=f_{0}\phi_{0}(x)+\cdots+f_{m}\phi_{m}(x)$ ,
$G(x)$ $=g_{0}\phi_{0}(x)+\cdots+g_{n}\phi_{n}(x)$ .
$f_{k}= \{\phi_{k}, F\}\equiv\frac{1}{\lambda_{k}}\Sigma_{\nu=1}^{N+1}\omega_{\nu}\phi_{k}(x_{\nu})F(x_{\nu})$ , $\lambda_{k}=\Sigma_{\nu=1}^{N+1}\omega_{\nu}(\phi_{k}(x_{\nu}))^{2}$ . $g_{k}$ ,
$g_{k}=\{\phi_{k}, G\}$ .
$F(x)$ $m$ , $\tilde{F}(x)=F(x)-(f_{m}/g_{n})\phi_{m-n}(x)\cdot G(x)$ . $x_{\nu}$
{ $|$ , $\overline{F}(x_{\nu})=F(x_{\nu})-(f_{m}/g_{n})\phi_{m-n}(x_{\nu})\cdot G(x_{\nu})$ . $\overline{F}(x)=\Sigma_{i=0}^{m-1}\tilde{f_{k}}\phi_{k}(x)$
, $\overline{F}(x)$ $(m-1)$ , $\tilde{F}(x)=\overline{F}(x)-(\overline{f}_{m-1}/g_{n})\phi_{m-1-n}(x)$ .
$G(x)=F(x)-\{(f_{m}/g_{n})\phi_{m-n}(x)+(\overline{f}_{m-1}/g_{n})\phi_{m-1-n}(x)\}\cdot G(x)=F(x)-\{f_{m}\phi_{m-n}(x)+$
$\overline{f}_{m-1}\phi_{m-1-n}(x)\}/g_{n}\cdot G(x)$ .
, $F^{[m]}=F$ , $F^{[m-1]}=\overline{F}(x),$ $F^{[m-2]}=\overline{\tilde{F}}(x),$ $F^{[m-3]}=$
$\tilde{F}(x),$ $\cdots$ . $R\equiv F^{[n-1]}$ $\deg R(x)<n$ ,
$R(x)=F(x)-Q(x)G(x)$ , $Q(x)\equiv\Sigma_{l=0}^{m-n}q_{l}\phi_{l}(x)$ . $\gamma_{m-n}=F_{m}^{[m]}$ ,
$\gamma_{m-1-n}=F_{m-1}^{[m-1]},$
$\cdots,$
$\gamma 0=F_{0}^{[n]}$ $q_{k}\equiv\gamma_{k}/g_{n}$ .
, $\{x_{\nu}\}$
.
$m:=\deg F;n:=\deg G$ ;
$R(x_{\nu}):=F(x_{\nu})$ ;
$g_{n};=\{\phi_{n}, G\}$ ;







( ) : $R(x)=F(x)-Q(x)G(x)$ ,
$Q(x)=\Sigma_{l=0}^{m-n}q_{l}\phi\ell(x)$ . , $\deg R(x)<\deg G(x)$ $\{q\ell\}$
, $R(x)$ $m,$ $m-1,$ $\ldots,$ $n$ , $0=$
{ $\phi_{n+k},$ $R\rangle=\{\phi_{n+k}, F\}-\Sigma_{l=0}^{m-n}q\ell\{\phi_{n+k}\phi\ell,$ $G\rangle$ , for $k=0,1,$ $\ldots,$ $m-n$ .
, $A_{k,l}\equiv\{\phi_{n+k}\phi\ell,$ $G\rangle,$ $b_{k}\equiv\langle\phi_{n+k},$ $F\rangle$ , $\Sigma_{l=0^{A_{k,\ell}q}l=b_{k}}^{m-n}$ ,
$Aq=b$ .
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$Q(x)$ $\{q_{\ell}\}$ , $R$ , $R(x_{\nu})=$
$F(x_{\nu})-Q(x_{\nu})G(x_{\nu})=F(x_{\nu})-(\Sigma_{l=0}^{m-n}q\ell\phi_{f}(x_{\nu}))G(x_{\nu})$ .
( ) : $F(x)$ $m$
$F(x)=\Sigma_{l=0}^{m}f\ell T_{\ell}(x)$ , $G(x)$ $n$ $G(x)=\Sigma_{\ell=0}^{m}g\ell T_{f}(x)$ .
, $T_{i}(x) \cdot T_{l}(x)=\frac{1}{2}(T_{i+f}(x)+T_{|i-\ell|}(x))$
, $T_{i}(x)$ $G(x)$ $(i+n)$ $H^{(i+n)}(x)=\Sigma_{\ell=0}^{n+i}h_{\ell}^{(i+n)}T_{l}(x)$
, $h_{f}^{(i+n)},$ $P=0,$ $\ldots,$ $n+i$ $G(x)$ $g_{l},$ $\ell=0,$ $\ldots$ , $n$
.
$k$ $R^{(k)}(x)\equiv\Sigma_{\ell=0}^{k}r_{l}^{(k)}T_{\ell}(x)$ , $k=m$ $F(x)$ ,
$R^{(k)}(x)$ $R^{(k-1)}(x)$ $k=m,$ $m-1,$ $\ldots,$ $n$
.
$R^{(k)}(x)$ $H^{k}(x)=T_{k-n}(x)G(x)$ $(k$ $)$
$q_{k-n}:=r_{k}^{(k)}/h_{k}^{(k)}$ . $R^{(k-1)}(x):=R^{(k)}(x)-q_{k-n}H^{(k)}(x)$




( ): $\deg F(x)=m,$ $\deg G(x)=$
$n$ , $n\leq m\leq N$ , $F(x)=f_{0}\phi_{0}(x)+\cdots+f_{m}\phi_{m}(x),$ $G(x)=g_{0}\phi_{0}(x)+$
. . $+g_{n}\phi_{n}(x)$ , .





$x\cdot G^{(k-1)}(x)=x\Sigma_{\ell=0}^{m+k-1}g_{f}^{(k-1)}\phi_{\ell}(x)=\Sigma_{\ell=1}^{m+k}g_{\ell-1}^{(k-1)}x\phi_{\ell-1}(x)$ . , $Aa$
$x\phi_{\ell-1}(x)$ $x\phi_{\ell-1}(x)=a_{\ell}\phi\ell(x)+b\ell\phi_{\ell-1}(x)+c\ell\phi_{\ell-2}(x)$
, $xG^{(k-1)}(x)=\Sigma_{\ell=1}^{m+k}g_{l-1}^{(k-1)}(a_{l}\phi\ell(x)+b_{f}\phi_{l-1}(x)+C\ell\phi_{\ell-2}(x))=\Sigma_{\ell=0}^{m+k}h_{l}^{(k-1)}\phi\ell(x)$
$h_{\ell}^{(k-1)}$ . , $G^{(k)}(x)=\alpha_{k}\Sigma_{l=0}^{m+k}h_{f}^{(k-1)}\phi_{l}(x)+\beta_{k}\Sigma_{f=0}^{m+k-1}g_{\ell}^{(k-1)}\phi_{f}(x)-$





$\phi_{2}(x)G(x)$ $=$ $g_{0}^{(2)}\phi_{0}(x)+\cdots+g_{n+2}^{(2)}\phi_{n+2}(x)$ ,
$\phi_{m-n}(x)G(x)$ $=g_{0}^{(m-n)}\phi_{0}(x)+\cdots+g_{m}^{(m-n)}\phi_{m}(x)$ .
$g_{j}^{(l)}$ .
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